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Topology of Boundary Surfaces in 3D Simplicial Gravity
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A model of simplicial quantum gravity in three dimensions(3D) was investigated numerically based on the
technique of dynamical triangulation (DT). We are concerned with the genus of surfaces appearing on boundaries
(i.e., sections) of a 3D DT manifold with S3 topology. Evidence of a scaling behavior of the genus distributions
of boundary surfaces has been found.
1. Introduction
Recent numerical results obtained by dynami-
cal triangulation for 3D and 4D suggest the exis-
tence of scaling behavior: for example, the num-
ber of simplexes at geodesic distance r, the frac-
tal dimension and the volume of boundaries[1,2].
Furthermore, analytical results of 4D QG show
scaling relations of the partition function[3]. The
purpose here is to further explore the bound-
ary surfaces of 3D DT mfd. If the scaling of
the boundary volume distribution in 3D and 4D
makes sense, 2 it is expected that the boundary,
itself, has physical significance. We are concerned
with the genus of these boundaries (see Fig.1).
Furthermore, the model of 3D Euclidean QG
with boundaries may be recognized as a model
of quantum nucleation of the universe in (2 + 1)-
dimensional quantum gravity. The nucleation of
the universe by the quantum tunneling may be
described by going out of the Euclidean signa-
ture region to the Lorentzian signature region in
a sense of the semiclassical approximation. The
nucleation of the universe can also be regarded
as a topology-changing process in the sense that
the universe undertakes a transition from the ini-
tial state with no boundary to the final state with
nontrivial topology (see Fig.1: 0→ d or d→ d′).
We can treat the model in a full quantum way,
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2In 2D the scaling behavior of the loop-length distribu-
tions (LLD) is well known[4].
which means that we sum up the fluctuations of
the 3D metric (gµν). The process of quantum tun-
neling requires that all of the components of the
extrinsic curvature vanish (i.e., totally geodesic).
Although in our numerical simulations we put no
restriction on the boundary surfaces, it is pos-
sible to introduce an extrinsic curvature on the
boundary surface as a physical restriction.
2. Model
We start with the Euclidean Einstein-Hilbert
action,
SEH =
∫
d3x
√
g
(
Λ− 1
G
R
)
, (1)
where Λ is the cosmological constant, and G is
Newton’s constant of gravity. We use the lattice
action of the 3D model,
S(κ0, κ3) = −κ0N0 + κ3N3
= −2pi
G
N0
+
(
Λ′ − 1
G
(2pi − 6cos−1(1
3
))
)
N3,
where Ni denotes the total number of i-simplexes,
Λ′ = cΛ; c is the unit volume and cos−1(13 ) is
the angle between two tetrahedra; κ0 is propor-
tional to the inverse of bare Newton’s constant,
and κ3 corresponds to a lattice cosmological con-
stant. The partition function is
Z(κ0, κ3) =
∑
T (S3)
e−S(κ0,κ3). (2)
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Figure 1. Schematic picture of boundary sur-
faces (Σ1,Σ2 and Σ3) at distance d and a surface
(Σ′2) at distance d
′ in 3D Euclidean spaceM with
S3 topology. The mother universe is defined as
a boundary surface (Σ2) with the largest tip vol-
ume (V2), and the other surfaces are defined as
the baby universes.
3. Numerical Analysis
In order to discuss the scaling properties, we
measured the genus distributions of the boundary
surfaces with several geodesic distances. Suppose
a 3D ball (3-ball) which is covered within d steps
from a reference 3-simplex in the 3D mfd with
S3 topology. Naively, the 3-ball has a bound-
ary with spherical topology (S2). However, be-
cause of the branching of DT space, the bound-
ary is not always simply-connected, and there
usually appear many boundaries which consist of
closed and orientable 2D surfaces with any topol-
ogy and nontrivial structures, such as links or
knots. The boundary surfaces are divided into
two classes: one is a baby boundary and the other
is a mother boundary. The boundaries with small
sizes (∼ O(1)) are called a baby one (see the cap-
tion of Fig.1). The baby boundaries are origi-
nated from the small fluctuations of the 3D Eu-
clidean spaces. We thus think that these surfaces
are non-universal objects, which has been estab-
lished in 2D QG. We concentrate on the mother
boundary surfaces in this article.
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Figure 2. Genus distributions of the mother
boundary near to the critical point with log-log
scales. N3 = 16K (κ
c
0 = 4.090 and κ3 = 2.200).
d = 9, 10 and 11.
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Figure 3. Genus distributions of the mother
boundary near to the critical point with log-log
scales. N3 = 32K (κ
c
0 = 4.195 and κ3 = 2.222).
d = 9, 10, 11 and 12.
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Figure 4. Genus distributions of the mother
boundary surface in the strong-coupling limit
(κ0 = 0.0).
3.1. Genus distributions near to the criti-
cal point
The genus of the boundary surfaces is a di-
mensionless quantity. Therefore, it is naively ex-
pected that the genus distributions show the scal-
ing property; in fact, we have obtained evidence
of the scaling relation, P (g) ∼ g−α, where g is a
genus. We can estimate α ≈ 0.5 from Fig.3. The
scaling property of the genus distributions be-
comes more clear the bigger the size of the bound-
ary becomes (see Figs.3 and 2). Thus, this scal-
ing property will remain after the thermal limit,
N3 →∞. If we go forward into the weak-coupling
phase (κc0 < κ0), this scaling relation disappears.
However, in the strong-coupling phase we have
another type of distribution of the genus.
3.2. Genus distributions in the strong-
coupling phase
We also measure the genus distributions of
the mother boundary in the strong-coupling limit
(i.e., κ0 = 0) with volumes N3 = 4K, 8K and
16K (see Fig.4). In this measurement we choose a
maximum-distance (dm) at which the peak value
(gp) of each distribution becomes maximum, and
obtain the values dm = 9, 10 and 11 for N3 =
4K, 8K and 16K, respectively. The peak value
(gp) of each distribution becomes larger the big-
ger the size of boundary surface becomes. It is
well known that the manifold starts to crumple in
this phase, and that the fractal dimension tends
to diverge. The gp will diverge when N3 goes to
infinity, which shows that the manifold starts to
crumple boundlessly in the strong-coupling limit.
4. Summary and Discussion
We are concerned with the genus of the mother
surfaces appearing on boundaries (i.e., sections)
of 3D DT mfd with S3 topology near to the crit-
ical point and in the strong-coupling phase. We
find a power-like scaling behavior of genus distri-
butions of the mother boundary surfaces near to
the critical point: P (g) ∼ g−α, where α is about
0.5 in our simulation sizes. Furthermore, in the
strong-coupling limit gp seems to diverge when
N3 goes to infinity.
There are some applications of the boundary
analysis: (i)the quantum nucleation of the uni-
verse or topology changing of the boundary sur-
faces in (2+1)-dimensional quantum gravity and
(ii)the formation of nontrivial structures, such as
links or knots.
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